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Abstract
We address a Jordan version of Johnson theorem on (associative)
algebras of quotients, namely whether a strongly nonsingular (the Jor-
dan version of nonsingularity) has a von Neumann regular algebra of
quotients.
Although the answer is negative in general, we prove that the result
holds in the important case of algebras satisfying a polynomial identity.
Introduction
Algebras of quotients of Jordan algebras have received quite some atten-
tion in recent times (see [Mo3, MoP2] and references therein for a succinct
survey of some of the work devoted to them). As in the case of associative al-
gebras, from which that study draws much of its themes an techniques, it all
began with the search of classical algebras of fractions (and more precisely,
analogues of Goldie’s theorems, see [Z2, Z3]). A first wide generalization
of those constructions, as was the case for algebras of quotients of associa-
tive algebras, was considering algebras of quotients of nonsingular Jordan
algebras, for an adequate notion of nonsingularity in the Jordan context (a
notion that was termed strong nonsingularity, see [MoP1] and definition be-
low). That construction, which is a Jordan analogue of Johnson’s algebra of
quotients, made use of the filter of essential inner ideals, adapting to Jordan
algebras one of the associative constructions of Jonhson’s algebra of quo-
tients, namely the one that does not rely on the injective hull of the algebra,
1Partially supported by the Spanish Ministerio de Ciencia y Tecnolog´ıa and FEDER
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2which due to the non linearity of the notion inner ideal, is a concept not
available for Jordan algebras (see however the comment at the beginning of
4.7 of [Mo2]).
As in the associative setting, Johnson’s algebras of quotients can be
viewed in the framework of general algebras of quotients as defined in [Mo3],
since they are those for which essential inner ideals are dense (see [Mo3,
5.19]).
A fundamental result on associative algebras of quotients is Johnson’s
theorem ([Lam, 13.36], [P, Theorem 26.11], [BMM, Theorem 26.11]), which
asserts that the maximal (or Utumi-Lambek) algebras of quotients of an
associative algebra is von Neumann regular if and only if the algebra is non-
singular, so that its maximal algebra of quotients coincides with its Johnson
algebra of quotients.
Our purpose in the present paper is to examine whether a Jordan ana-
logue of that result holds since as the title of the paper reads, we are inter-
ested in conditions under which algebras of quotients of Jordan algebras are
von Neumann regular. Certainly strong nonsingularity as defined in [MoP1]
which is the natural working generalization of nonsingularity in the Jordan
context, is not the only possible such condition (and as we will se later is
not always even a condition for that). We can mention other conditions, as
being Goldie [FGM], or being local Lesieur-Croisot [MoP2, Theorem 5.5],
but all those conditions imply strong nonsingularity.
The paper is organized as follows: After a first section of preliminaries
which contains basic general notation and definitions, including a comment
on polynomial identities on quadratic Jordan algebras to be generalized in
section 4 to basic notions on polynomial identities on quadratic algebras,
following the exposition provided in [J, 3.1.5], we recall the notion of general
quotients, as defined in [Mo3] as well the construction of maximal algebras
of quotients.
We then move to the answering of the question posed before, namely
whether a strongly nonsigular Jordan algebra is von Neumann regular. We
give on section 3 a counterexample for the general assertion.
In the next section we start the study of that question in the particular
3but quite central case in Jordan theory where the algebra is nondegenerate.
PI.
Due to the form of the construction of the maximal algebra of quotients
in that situation, which relies strongly on the module structure over its
centroid, whose central role in the study of PI algebras is due to [FGM,
3.6] for Jordan algebras of the Posner-Rowen theorem (see [Ro, 6.1.28], [R,
1.7.9]), which asserts that any nonzero inner ideal of a nondegenerate Jordan
algebra hits non trivially the weak center ([Fu]).
We devote the next section to exposing some facts on the centroid of
the algebras of quotients of nondegenerate PI-algebras, generalizing to that
situation the results of [ACGG] (see also [5.19.(4)] [Mo3]). The next section
follows the ideas of Beidar [BM], and in particular the way he devised of
circumventing the obstacle which arises from the fact that subdirect prod-
uct decomposition provided by the set of all the strongly prime quotients
of a nondegenerate algebra may not interact well with the construction of
algebras of quotients.
We quote [LW], who remark when commenting on Beider’s (and Mikhalev’s)
work on orthogonal completeness that while trying to relate polynomial iden-
tities of a prime ring R to polynomial identities os its ring of quotients Q(R)
is quite direct, the approach to the same problem for semiprime rings sug-
gested by the decomposition of such an R as a subdirect product of its prime
quotients R/P faces the obstacle of the not existence of homomorphisms
Q(R)→ Q(R/P ) in general.
Following Beidar’s approach we overcome this problem by the theory of
orthogonal completeness and its attached subdirect decomposition.
These ideas are introduced and applied in sections 6 and 7. In this later
section we prove our main result, namely the answer in the affirmative of
the above mentioned question on von Neumann regularity of algebras of
quotients in the case of PI-algebras.
That approach was also followed by Artacho Ca´rdenas et AL. in [AGR1]
and [AGR2].
41 Preliminaries
1.1 We will work with Jordan algebras over a unital commutative ring of
scalars Φ which will be fixed throughout. We refer to [J, McZ] for notation,
terminology and basic results on Jordan algebras. We will occasionally make
use of some results on Jordan pairs and on Jordan triple systems, mainly
obtained from algebras. Our basic reference for Jordan pairs (and of basic
notions of triple systems) is [Lo1]. In particular, we make use of the identi-
ties proved in [J] and [Lo1], which will be quoted with the labellings QJn and
JPn respectively. In addition to that, we will often rely on an associative
background, both as an ingredient of Jordan theory when dealing with spe-
cial Jordan algebras, and as a source of notions which have been extended
to the Jordan algebra setting, among which we will mainly consider those
from localization theory, for which we refer to [St].
We next recall some of those basic results and notations together with
some other results that will be used in the paper.
1.2 A Jordan algebra has products Uxy and x
2, quadratic in x and linear
in y, whose linearizations are Ux,zy = Vx,yz = {x, y, z} = Ux+zy−Uxy−Uzy
and x ◦ y = Vxy = (x+ y)
2 − x2 − y2.
We will denote by Ĵ the free unital hull Ĵ = Φ1 ⊕ J with products
Uα1+x(β1 + y) = α
2β1 + α2y +αx ◦ y +2αβx+ βx2 +Uxy and (α1 + x)
2 =
α21 + 2αx+ x2.
It is well known that any associative algebra A gives rise to a Jordan
algebra A+ with products Uxy = xyx and x
2 = xx. A Jordan algebra is
special if it is isomorphic to a subalgebra of an algebra A+ for an associative
A. If A has an involution ∗ then H(A, ∗) = {a ∈ A | a = a∗} is a Jordan
subalgebra ofA+ and so are ample subspacesH0(A, ∗) of symmetric elements
of A, subspaces such that a+ a∗, aa∗ and aha∗ are in H0(A, ∗) for all a ∈ A
and all h ∈ H(A, ∗).
1.3 A Φ-submodule K of a Jordan algebra J is an inner ideal if UkĴ ⊆ K
for all k ∈ K. An inner ideal I ⊆ J is an ideal if {I, J, Ĵ}+UJI ⊆ I, a fact
that we will denote in the usual way I ⊳ J . If I, L are ideals of J , so is their
5product UIL and in particular the derived ideal I
(1) = UII of I. An (inner)
ideal of J is essential if it has nonzero intersection with any nonzero (inner)
ideal of J .
A Jordan algebra J is nondegenerate if UxJ 6= 0 for any nonzero x ∈ J ,
and prime if UIL 6= 0 for any nonzero ideals I and L of J . The algebra J is
said to be strongly prime if J is both nondegenerate and prime.
1.4 If X ⊆ J is a subset of a Jordan algebra J , the annihilator of
X in J is the set annJ(X) of all z ∈ J such that Uxz = Uzx = 0 and
UxUzĴ = UzUxĴ = Vx,zĴ = Vz,xĴ = 0 for all x ∈ X. The annihilator is
always an inner ideal of J , and it is an ideal if X is an ideal. If J is a
nondegenerate Jordan algebra and I is an ideal of J , then the annihilator
of I in J can be characterized as follows ([Mc3, Mo2]):
annJ(I) = {z ∈ J | UzI = 0} = {z ∈ J | UIz = 0}.
1.5 For a set X and elements x1, . . . , xn ∈ X, an element f(x1, . . . , xn)
of the free associative algebra FAss[X] is called admissible if at least one of
its monomials of highest degree is monic [ZSSS, p. 109], [Z1].
Recall ([J, Chapter 3], [Mc4, IV.B]) that an element f(x1, . . . , xn) of the
free Jordan algebra FJ [X] on a countable set of generatorsX = {x1, x2, x3, . . . }
is an identity of the Jordan algebra J (or equivalently that J satisfies
f(x1, . . . , xn) = 0) if it vanishes for each substitution f(a1 . . . , an) of the
variables xi by elements ai of J . The algebra J strictly satisfies the iden-
tity f if f is an identity of each scalar extension JΩ = J ⊗Φ Ω of J for a
commutative associative algebra Ω ⊇ Φ.
An element f of the free associative algebra on the set X is admissible
if it has a monic leading term ([ZSSS, p. 102]). An element f(x1, . . . , xn)
of FJ [X] is essential if its image in the free special Jordan algebra FSJ [X]
under the natural projection is admissible as an associative polynomial, that
is as an element of the free associative algebra on X ([ZSSS, p. 112], [Z1]).
In addition, the element f(x1, . . . , xn) is essential if its image under the
natural projection in the free special Jordan algebra FSJ [X] is admissible
as an associative polynomial, that is as an element of the free associative
algebra on X.
6A Jordan algebra J is a PI-Jordan algebra if there exists an essential
Jordan polynomial vanishing strictly on J ([McZ]). Note that if there exists
an essential polynomial f vanishing on J (not necessary stritly), then there
exists a multilinear essential polynomial vanishing on J , since the multilin-
earization procedure [ZSSS, p.14] can be applied to f and simultaneously
to its image in FSJ [X], hence to the associative polynomial corresponding
to f , which has a monic leading term. Therefore there exists a multilinear
essential polynomial which strictly vanishes on J ([ZSSS, 1.5]), and therefore
J is PI.
1.6 For any element a in a Jordan algebra J , the local algebra Ja of
J at a is the quotient of the a-homotope J (a), the Jordan algebra defined
over the Φ-module J with operations U
(a)
x y = UxUay and x
(2,a) = Uxa,
by the ideal Ker a of J (a) of all the elements x ∈ J such that Uax =
UaUxa = 0. If J is nondegenerate the above conditions on x reduce to Uax =
0. Local algebras at nonzero elements of a nondegenerate (resp. strongly
prime) Jordan algebra are themselves nondegenerate (resp. strongly prime)
[J, 3.1.5]. (We recall that similar definitions can be given for associative
algebras, for which we will also use the notation Ax for the local algebra at
an element x of the A.)
2 Algebras of quotients
As mentioned in the introduction, the study of algebras of quotients of
Jordan algebras draws its inspiration from associative theory (see [Mo3]).
We recall next some basic notation from the latter and refer the reader to
[Ro, St] for basic results about algebras of quotients for associative algebras.
2.1 Let L be a left ideal of an associative algebra R. Recall the usual
associative notation (L : a), with a ∈ R, for the set of all elements x ∈ R
such that xa ∈ L (see, for instance, [St]). A left ideal L of R is dense if
(L : a)b 6= 0 for any a ∈ R and any nonzero b ∈ R.
2.2 The associative algebras naturally arising in Jordan theory are asso-
ciative envelopes of Jordan algebras, and therefore carry an involution. That
7makes important to be able to extend involutions to their algebras of quo-
tients. The fact that this is not always possible for the one-sided maximal
algebras of quotients Qrmax(R) and Q
l
max(R) leads to the use of the maximal
symmetric algebra of quotients Qσ(R) (see [Lann]) as an adequate substi-
tute of that algebra. Recall that Qσ(R) is the set of elements q ∈ Q
r
max(R)
for which there exists a dense left ideal L of R such that Lq ⊆ R (which
up to a canonical isomorphism can be viewed symmetrically as the set of
all q ∈ Qlmax(R) for which there exists a dense right ideal K of R such
that qK ⊆ R). If R has an involution, Qσ(R) is the biggest subalgebra of
Qrmax(R) and Q
l
max(R) to which that involution extends.
2.3 Let J be a Jordan algebra, K be an inner ideal of J and a ∈ J .
Following [Mo3, MoP1] we set
(K : a)L = {x ∈ K | x ◦ a ∈ K},
(K : a) = {x ∈ K | Uax, x ◦ a ∈ K}.
It is straightforward to check that both (K : a)L and (K : a) are inner ideals
of J for all a ∈ J , and that in addition, the containment U(K:a)LK ⊆ (K : a)
holds [Mo3, Lemma 1.2]. Given any finite family of elements a1, . . . , an ∈ J ,
we inductively define (K : a1 : a2 : . . . : an) = ((K : a1 : . . . : an−1) : an).
2.4 An inner idealK of J is said to be dense if Uc(K : a1 : a2 : . . . : an) 6= 0
for any finite collection of elements a1, . . . , an ∈ J and any 0 6= c ∈ J .
Different characterizations of density are given in [Mo3, Proposition 1.9].
Recall that if K is a dense inner ideal of J so are the inner ideals (K : a)
for all a ∈ J [Mo3, Lemma 1.8].
2.5 Let J˜ be a Jordan algebra, J be a subalgebra of J˜ , and a˜ ∈ J˜ . Recall
from [Mo2] that an element x ∈ J is a J-denominator of a˜ if the following
multiplications take a˜ back into J :
(Di) Uxa˜ (Dii) Ua˜x (Diii) Ua˜UxĴ
(Diii’) UxUa˜Ĵ (Div) Vx,a˜Ĵ (Div’) Va˜,xĴ
We will denote the set of J-denominators of a˜ by DJ(a˜). It has been proved
in [Mo2] that DJ(a˜) is an inner ideal of J . Recall also from [FGM, p. 410]
that any x ∈ J satisfying (Di), (Dii), (Diii) and (Div) belongs to DJ (a˜). The
following procedure for obtaining denominators is given in [FGM, Lemma
82.2], and has the advantage of being ‘context free”, that is of not depending
of the overalgebra J˜ : for any x ∈ J , the containments x ◦ a˜, Uxa˜ ∈ J imply
x4 ∈ DJ(a˜).
2.6 Let J be a subalgebra of a Jordan algebra Q. Following [Mo3], we
say that Q is a general algebra of quotients of J if the following conditions
hold
(AQ1) DJ(q) is a dense inner ideal of J for all q ∈ Q.
(AQ2) UqDJ(q) 6= 0 for any nonzero q ∈ Q.
Note that any nondegenerate Jordan algebra is its own algebra of quo-
tients. Conversely any Jordan algebra having an algebra of quotients is
nondegenerate.
A different, though closely related approach to algebras of quotients was
carried out in [MoP1] by using essential inner ideals as sets of denominators.
That second approach, which in fact motivated and inspired the one in [Mo3]
as well as some other treatments of algebras of quotients in Jordan algebras
(see the references in [Mo3]), has the advantage that checking essentiality
is significantly simpler than checking density. However, for that choice to
be feasible, the additional condition of strong nonsingularity, introduced in
[MoP1], is needed. We will comment on that at the end of the present
section.
2.7 An algebra of quotients Q of a Jordan algebra J is said to be a
maximal algebra of quotients of J if for any other algebra of quotients Q′
of J there exists a homomorphism α : Q′ → Q whose restriction to J is the
identity map.
2.8 Maximal algebras of quotients of nondegenerate Jordan algebras have
been proved to exist and described in [Mo3]. We recall now some of the
features of that construction.
Following [Mo3, 4.9], we first consider the Zelmanov polynomial in the
variables X(i) = {xi, yi, zi, ti} (i = 1, 2, 3) defined in [McZ, pp.192-195] given
9by
Z48 = [[P16(X
(1)), P16(X
(2))], P16(X
(3))]
for P16(X) = [[[t, [t, z]]
2, [t, w]], [t, w]] (t = [x, y]), where [[a, b]c] = {a, b, c, }−
{b, c, a}. Denote now by Z(X) the hermitian ideal of the free Jordan algebra
FJ [X] over a countable set of generators X generated by all the evaluations
Z48(a1, . . . , a12) for ai ∈ FJ [X].
Together with the hermitian case where the algebra J has annJ(Z(J)) =
0, we consider algebras J that satisfy Z(J) = 0, an therefore are PI. These
two extremes appear in a decomposition of the algebra as a subdirect sum
related to the ideal Z(J). Let J be a nondegenerate Jordan algebra. Then:
1. There are two strongly prime ideals P1, P2 ⊳ J that satisfy: Pi =
annJ(Pj), ({i, j} = {1, 2}, J1 = J/P1 is a PI-algebra, and J2 = J/P2
is a special Jordan algebra such that annJ2(Z(J2)) = 0.
2. The maximal algebra of quotients of J is a direct product Qmax(J) ∼=
Qmax(J1)⊞Qmax(J2), where
3. Qmax(J1) = (J1)E(Γ(J1)) is the almost classical algebra of quotients:
the module of E(Γ(J1))-quotients, (J1)E(Γ(J1)) = lim
−→
{Hom(a, J1) | a ∈
E(Γ(J1))}, for the filter E(Γ(J1)) of essential ideals of the nonsingular
ring Γ(J1), the centroid of J1, endowed with the natural Jordan algebra
structure (see [Mo3, Theorem 3.11])
4. Qmax(J2) = {q ∈ H(Qσ(R), ∗) | DJ(q) is dense in J2} is an ample sub-
space H0(Qσ(R), ∗) in the set of symmetric elements of the symmetric
algebra of quotients Qσ(R) of a ∗-tight enveloping algebra R of J2
Maximal algebra of quotients thus defined provided an unified framework
for other classes of algebras of quotients found in the literature (see [Mo3]
and references therein). In particular, the algebra of quotients obtained
when taking as a filter of denominator inner ideals the set of essential inner
ideals, which provides a Jordan version of Johnson’s algebra of quotients, can
be defined whenever that set of inner ideals is a linear topological filter (see
[MoP1, 12]), and this is a consequence of strong nonsingularity, the Jordan
generalization of nonsingularity: a Jordan algebra J is strongly nonsingular
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if for any essential inner ideal K, and any a ∈ J , UaK = 0 implies a = 0
[MoP1, 1.3]. For a strongly nonsingular Jordan algebra an inner ideal is
essential if and only if it is dense [Mo3, 1.10] (the reciprocal, namely that if
a nondegenerate Jordan algebra essential inner ideals and dense inner ideals
coincide then the algebra is strongly nonsingular, is obvious).
3 A counterexample
We next address the problem posed in the introduction. Concretely we
examine whether the maximal algebra of quotients of a strongly nonsingular
Jordan algebra is von Neumann regular.
Since the maximal algebra of quotients of a strongly nonsingular Jordan
algebra is its Johnson algebra of quotients, the problem amounts to exam-
ining whether the Johnson algebra of quotients of a strongly nonsingular
Jordan algebra is von Neumann regular, or still, whether the maximal alge-
bra of quotients of a Jordan algebra is von Neumann regular provided that
inner ideals are dense if and only if they are essential.
Our first result consists of showing that the answer to that question is
negative in general. However we will afterwards give an important instance
at which the answer is positive, namely the case of PI-algebras.
Consider J = H(D, ∗) for a domain D with involution ∗, which is obvi-
ously strongly nonsingular.
We describe Qmax(H(D, ∗)).
In case Z(H(D, ∗)) 6= 0, Qmax(H(D, ∗)) can be described as follows
according to 2.8 (4):
Qmax(H(D, ∗)) = H(Qσ(D), ∗)
where Qσ(R) for an associative ring R with involution ∗ is the Maximal
algebra of symmetric quotients [Lann]: the set of all q ∈ Ql(R) such that
qK ⊆ R for some essential right idealK of R, which is the biggest subalgebra
of Ql(R) to which ∗ can be extended.
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3.1 Lemma. Qσ(D) is a (unital) domain, hence von Newmann regular el-
ements of Qσ(R) are invertible.
Proof. The first assertion is obvious, and for the second note that if d ∈ D
has ded = d and ede = e for some e ∈ D, hence dede = (ded)e = de hence
de(de− 1) = 0, thus de = 1 since D is a domain. Analogously ed = 1, hence
d is invertible.
As a particular case of that situation we obtain the counterexample we
are looking for. Take D = Ass[X,Y ] the free associative algebra of two
generators X,Y with the standard involution, so that H(D, ∗) = FSJ [X,Y ]
is the free special Jordan algebra on two generators.
3.2 Proposition. For the case (D, ∗), J = H(D, ∗) is strongly nonsingular,
and it is not von Newmann regular
Proof. Note first that J = H(D, ∗) is a domain, hence J is a strongly non-
singular (any nonzero left ideal has zero annihilator). Now if Qσ(J) is von
Neumann regular, X ∈ D ⊆ J is von Newmann regular, hence it is invert-
ible in Qσ(D) as seen before 3.1. Therefore there is an essential left ideal
L of D with LX−1 ⊆ D, hence L ⊆ DX, but since L is essential so is DX
hence DX ∩DY 6= 0, which obviously does not hold for D = Ass[X,Y ], a
contradiction.
4 Centroid
As mentioned in the outline of the contents of de paper in section 1, the
module structure of a Jordan algebra over its centroid provides the tools
that allow the study of algebras of quotients of PI Jordan algebras through
the localization with respect to the filter of essential ideals. In this section
we deal with the centroid of Jordan algebras and their algebras of quotients,
the localization of these rings and the Jordan algebras as modules over
these rings, and their relation to the extended centroid of quadratic Jordan
algebras.
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We begin with the following fact that shows that the maximal ring of
quotients is a “idempotent” construction.
The notations we make use of are the ones introduced in [Mo3].
4.1 Lemma. If J is a nondegenerate Jordan algebra, then Qmax(Qmax(J)) =
Qmax(J).
Proof. Set Q = Qmax(J), and let Q˜ ⊇ Q be an algebra of quotients of Q.
By the transitivity of algebras of quotients, Q˜ is an algebra of quotients of
J . Therefore, there exists a J-homomorphism (i.e. a homomorphism that
restricts to the identity mapping on J) α : Q˜ → Q by the maximality of
Q. Denote by ι : Q → Q˜ the inclusion. By the uniqueness [Mo3, Lemma
2.11] of J-homomorphisms of algebras of quotients, we have ια = IdQ˜, and
αι = IdQ. In particular, ι is surjective, hence Q = Q˜.
4.2 Note that the previous lemma is valid for Φ-algebras, algebras over
a fixed ring of scalars Φ. On the other hand, the proof of the fact that
Qmax(J) = JE(J) for a Jordan PI-algebra J shows that this is the maximal
algebra of quotients when J is considered as a Φ-algebra over any ring of
scalars Φ which makes J a Φ-algebra (that is, for which the multiplication
by elements of Φ defines an operator of the centroid). In particular this is
the case for Φ = Z, the ring of integers. Now, since any Jordan Φ-algebra
of quotients is a Z-algebra of quotients, we get that the fact that JE(J) is
the maximal algebra of quotients of J is independent of the ring of scalars.
Moreover, this also shows that (JE(J))E(JΓE (J))
= JE(J). Note however that
we may have ΓE(J) 6= Γ(JE(Γ)) = Γ(JE(Γ))E(ΓE(J)).
In the associative theory it is well known the centroids of the maximal
rings of quotients (as well as other rings of quotients) of a semiprime ring
coincide with its extended centroid. For quadratic Jordan algebras, the
definition of extended centroid was introduced in [Mo2]. Here we relate the
extended centroid of a quadratic Jordan PI algebra to the centroid of its
maximal ring of quotients.
4.3 Lemma. Let J be a nondegenerate PI Jordan algebra. Then ΓE(J) =
C(J).
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Proof. Take an element γ ∈ ΓE , and a representative [f, a] ∈ γ. Then I = aJ
is an essential ideal of J by [Mo3, 3.7]. Define f˜ : I → J by f˜(
∑
i αixi) =∑
i f(αi)xi for αi ∈ a and xi ∈ J . To see that f˜ is well defined, suppose
that
∑
i αixi = 0 for some αi ∈ a and xi ∈ J , and set b =
∑
i f(αi)xi. Then,
for any α ∈ a we have αb = α
∑
i f(αi)xi =
∑
i f(αiα)xi =
∑
i f(α)αixi =
f(α)
∑
i αixi = 0, hence ab = 0, and thus b = 0 by [M, 3.6(2)]. Now
it is easy to see that f˜ ∈ HomJ(I, J) (note that f˜(Uαxy) = f˜(α
2Uxy) =
αf(α)Uxy ∈ aJ = I). Moreover, if γ admits the two representatives (f, a),
and (g, b), a straightforward verification shows that f˜ = g˜ on (a ∩ b)J ,
which is an essential ideal of J to which both f˜ and g˜ restrict. Thus, the
rule [f, a] 7→ [f˜ , aJ ] ∈ C(J) defines a mapping φ : JE → C(J) which is easily
seen to be a homomorphism.
Now take γ ∈ C(J) , and set γ = [f, I] for some essential I ⊳ J , and
f ∈ HomJ(I, J). Define f˜ : (I : J)Γ → Γ by f˜(δ) = fδ (where juxtaposition
stands for composition). Note that since δ(J) ⊆ I for any δ ∈ (I : J)Γ, f
is defined on the image of δ, hence f˜ is well defined. Now, since (I : J)Γ
is essential, this defines an element [f˜ , (I : J)Γ] ∈ ΓE . Moreover, it is easy
to see that the class [f˜ , (I : J)Γ] ∈ C(J) does not depend of the selected
representative (f, I) ∈ γ, and therefore, the correspondence [f, I] 7→ [f˜ , (I :
J)Γ] defines a mapping ψ : ΓE → C(J).
Take γ = [f, a] ∈ ΓE , and consider φ(γ) = [f˜ , aJ ] as before. Then
a ⊆ (aJ : J)Γ, and for any α ∈ a we have ψ(φ(γ)) = [
˜˜f , (aJ : J)Γ] = [
˜˜f , a]
where
˜˜
f (α) = f˜α. Now, if x ∈ J , we have (f˜α)x = f˜(αx) = f(α)x, hence
˜˜
f(α) = f(α), and thus ψφ = IdΓE . On the other hand, if γ = [g, I] ∈ C(J),
we have ψ(γ) = [g˜, (I : J)Γ] as before, and φ(ψ(γ)) = [˜˜g, (I : J)ΓJ ], where
˜˜g(αx) = g˜(α)x = (gα)(x) = g(αx) for any x ∈ J and any α ∈ (I : J)Γ. Thus
˜˜g = g on (I : J)ΓJ , hence φ(ψ(γ)) = [g, I] = γ, and we get φψ = IdC(J).
4.4 Lemma. Let J be a nondegenerate Jordan algebra. Then Γ(Qmax(J)) =
C(Qmax(J)).
Proof. Set Q = Qmax(J). Since C(Q)Q is an algebra of quotients of Q,
lemma 4.1 implies that C(Q)Q = Q, hence C(Q) ⊆ Γ(Q).
Note that this result does not strictly parallels the result for associative
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algebras, for which the centroid of the maximal algebra of quotients and
the extended centroid of the algebra coincide. As for the usual central
closure for quadratic Jordan algebras, the usual construction may not be
centrally closed. However, an inductive transfinite procedure gives rise to
a centrally closed algebra (see [McZ, 4]). In our situation we can follow
a similar argument to construct a “closed” extended centroid C∞(J ) (see
[Mo2]). With this notion we propose:
4.5 Conjecture: Define C∞(J) as in [Mo2, 4.11]. Then Γ(Qmax(J)) =
C∞(J).
5 Polynomial identities and algebras of quotients
In this section we prove that an algebra of quotients of a PI-Jordan
algebra J inherits the vanishing of Jordan polynomials on J . This result
is essentially contained in [Mo3]. Recall [J, 3.1.5] that a unital quadratic
algebra over Φ is a triple (J,U, 1) where J is a Φ-module, 1 ∈ J , an U
is a quadratic map J → EndΦ(J) such that U1 = Id. More generally, a
quadratic algebra (not necessarily unital) is a pair (J,U) such that there is
a quadratic unital algebra (Ĵ , Û , 1) such that J ⊆ Jˆ is a quadratic subalgebra
in the obvious sense.
We refer to [J] for the definition of the free quadratic Φ-algebra FQ[X]
over a set X of generators. Its elements are called quadratic polynomials
and it satisfies the universal property of uniquely extending any mapping
α : X → J into a quadratic algebra J to a homomorphism of quadratic
algebras α˜ : FQ[X] → J . For an element f(x1, . . . , xn) ∈ FQ[X] we write
α˜(f) = f(α(x1), . . . , α(xn)), which is called the evaluation of f at xi = α(xi).
For us the most important class of quadratic algebras is the variety (in
the universal algebras sense) of quadratic Jordan algebras, for which U is
the usual quadratic mapping.
Assume that Φ is a semiprime commutative associative ring, and let
E = E(Φ) its filter of essential ideals. Suppose that Q is a quadratic Φ-
algebra which is a nonsingular Φ-module. As in [Mo3], we can follow the
construction of the nearly classical rings of fractions [BM] (named almost-
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classical rings of quotients in [W, Mo3]) we give QE a structure of quadratic
algebra. Since QE = lim
−→
a∈E
HomΦ(a, Q), we can represent an element q ∈ QE as
an equivalence class q = [f, a] where a ∈ E , f : a → Q is a homomorphism,
and [f, a] = [g, b] for b ∈ E , g ∈ HomΦ(b, Q) if the restrictions f |a∩b and
g|a∩b coincide (see [St]).
For any n ≥ 1 and a ∈ E , we have
a
[n] =
∑
α∈a
αnΦ ∈ E ,
and if a1, . . . , ak ∈ E , a1 · · · ak ∈ E , QE can be given a structure of quadratic
algebra in the following way: if q, p ∈ QE , and q = [f, a], p = [d, b], we set
UqP = [h, a
[2]
b], where h : a[2]b → Q is determined by h(α2β) = Uf(α)g(β)
for α ∈ a, β ∈ b.
Since a unital quadratic algebra not only has the quadratic operator
U but also the unit element 1 which must satisfy U1 = Id, and a quadratic
algebra embeds in a unital quadratic algebra, to prove that we have obtained
a quadratic algebra structure on QE we need to embed it in a unital quadratic
algebra Q˜E in the sense that quadratic map of QE is the restriction of the
quadratic map of Q˜E . This is easily obtained by considering the unital
quadratic Φ-algebra Q˜ in which Q embeds. This algebra has an almost-
classical quotient Q˜E which is easily seen to contain a copy of QE as a
subalgebra, and which is unital (its unit element being the class [1,Φ] where
1 : Φ → Q˜ is the constant map 1(α) = 1 for all α ∈ Φ, where 1 ∈ Q˜ is the
unit of Q˜).
Our aim now is to prove that for a quadratic algebra Q over Φ which is
a nonsingular Φ-module, the identities of Q transfer to its almost-classical
algebra of quotients.
More precisely we have:
5.1 Theorem. For any quadratic algebra Q over a semiprime ring Φ as
before, which is a nonsingular Φ-module, any quadratic homogeneous poly-
nomial F (x1, . . . , xn) ∈ FQ[X] which vanishes on Q also vanishes on QE .
Proof. Since F is homogeneous by hypothesis, all its monomials have the
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same degree [k1, . . . , kn], where ki is the degree in xi (this is defined induc-
tively for the generators of the free Q-word algebra over X [J, 3.1.5]).
Now, if q1, . . . , qn ∈ QE we choose a representative (fi, ai) ∈ qi for any i.
Set p = F (q1, . . . , qn), then for any αi ∈ ai we have F (f1, . . . , fn)(α
k1
1 · · ·α
kn
n ) =
F (f1(α1), . . . , fn(αn)) = 0, hence p = [F (f1, . . . , fn), a
[k1]
1 · · · a
[kn]
n ] = 0, and
therefore p = F (q1, . . . , qn) = 0 thus F vanishes on QE .
As a particular case of this result we turn our attention to the variety of
algebras we are interested in, namely, quadratic Jordan algebras.
As mentioned before (1(5)), if a quadratic Jordan algebra J is nondegen-
erate and PI, its centroid Γ = Γ(J) is a reduced commutative algebra, and
J is a nonsingular Γ-module. The maximal algebra of quotients os J is in
this case the almost-classical localization JE(J), and therefore the previous
result apply to it, thus yielding
5.2 Theorem. If J is a nondegenerate PI-algebra, then its maximal algebra
of quotients Qmax(J) is PI. Moreover, each homogeneous quadratic polyno-
mial vanishing on J also vanishes on Qmax(J).
Proof. This is immediate from the previous discussion taking into account
that a Jordan algebra is PI if and only if it satisfies a multilinear polynomial
identity hence a homogeneous polynomial (1(5)).
6 Orthogonal completeness
We now introduce the technical tools developed in [BM] (see also [BMM])
that allow the reduction of our problem to the factors of a subdirect decom-
position, to which we will devote the next section, and that inherit the
satisfaction of the logical sentences called Horn formulas.
We follow the notation of [BMM], and in particular we write
∑
⊥
ǫ∈D xǫǫ
for the unique element such that xǫ = xǫ for all ǫ ∈ D where D is a dense
subset of the set B = B(C(J)) of idempotents of C(J) (see [BMM, 3.1.5]).
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6.1 Lemma. Let J be a nondegenerate PI Jordan algebra. Then Qmax(J)
is orthogonaly complete over C(J) (and over Γ(Qmax(J))).
Proof. Consider the boolean algebra B = B(C(J)) of all idempotents of
C(J). Let D ⊆ B be a dense set of orthogonal idempotents. Put I =∑
ǫ∈D ǫJE . Then I is a nonzero ideal of JE and if 0 6= γ ∈ Γ(JE ) has
γI = 0, then γJE ⊆ AnnJE (I). Since JE is tight over J , we have L =
AnnJE (I) ∩ J 6= 0, and since J is PI, there is a nonzero z ∈ Cw(J) ∩ L.
Thus 0 6= δ = Uz ∈ Γ ⊆ C(J) has δI = 0, hence δǫ = 0 for all ǫ ∈ D, hence
δ = 0 by the density of D. This contradiction implies that γI 6= 0 for all
γ ∈ Γ(JE ), hence D is dense in Γ(JE).
Take now an element xǫ ∈ Qmax(J) = JE for every ǫ ∈ D, and consider
the ideal a =
∑
ǫ∈U Γ(JE)ǫ of Γ(JE ). Define f : a → JE by f(
∑
ǫ∈D αǫǫ) =∑
ǫ∈D αǫǫxǫ. Then f is a homomorphism of Γ(JE)-modules, and it defines
an element x = [f, a] ∈ Qmax(JE ) = JE which satisfies ǫx = f(ǫ) = ǫxǫ for
all ǫ ∈ D. Therefore x =
∑
⊥
ǫ∈D ǫxǫ, and this proves that JE is orthogonally
closed.
Let J be a nondegenerate Jordan PI-algebra, and let X ⊆ Qmax(J) be
a subset. We denote by O(X) the orthogonal complection of X. (Note that
since Qmax(J) is orthogonally complete by 6.1, O(N) is the intersection of
all orthogonally complete subsets of Qmax(J) that contain N .)
6.2 Lemma. Let J be a nondegenerate Jordan PI-algebra, denote C = Γ(J),
and let N ⊆ Qmax(J) be a C-submodule of Qmax(J). Then O(N) is the set
NE(C) of all [f, a] ∈ JE = Qmax(J) = Qmax(J)E(C) (with a ∈ E(C)) such that
f(α) ∈ N for all α ∈ a, and in particular, O(CJ) = JE = Qmax(J).
Proof. We have O(N) = {
∑
⊥
ǫ∈D ǫxǫ | D is a dense orthogonal subset of
B = B(C), and {xǫ | ǫ ∈ D} ⊆ N} by [BMM, 3.1.14]. As in 6.1 it follows
that the set NE(C) is orthogonally complete, hence it contains O(N). On
the other hand, if x =
∑
⊥
ǫ∈D ǫxǫ for some dense orthogonal subset D ⊆ B,
and {xǫ | ǫ ∈ D} ⊆ N}, then the ideal a = CD =
∑
ǫ∈D C(J)ǫ is essential.
Moreover, if α ∈ a, then α =
∑
ǫ∈D αǫ, where there is only a finite number of
nonzero products αǫ. Then αx =
∑
ǫ∈D αǫx =
∑
ǫ∈D αǫxǫ has only a finite
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number of nonzero summands, and all of them lie in N since xǫ ∈ N for all
ǫ ∈ D. Thus x is represented in Qmax(J) = Qmax(J)E(C) by the mapping
fx : a→ Qmax(J) given by fx(α) = αx.
Recall from [BMM, 3.1.1] that if M is a nonsingular C-module for a
von Neumann regular selfinjective commutative ring C, and T ⊆ N , there
exists a unique idempotent ǫT ∈ C such that AnnC(T ) = C(1 − ǫT ), and
that ǫδT = δǫT for any δ ∈ B. In particular this applies to Qmax(J) for
a nondegenerate Jordan PI-algebra J and C = Γ(Qmax(J)) = C(Qmax(J)),
(4.4).
6.3 Lemma. Let J be a nondegenerate Jordan PI-algebra, denote Q =
Qmax(J), and C = Γ(Q). Let X ⊆ Q, and I be the ideal idQ(J)(X) generated
by X. Then AnnC(X) = AnnC(I) = (1− ǫX)C, and AnnQ(I) = (1− ǫX)Q.
Proof. Since AnnC(X) = (1 − ǫX)C, it is clear that (1 − ǫX)C = AnnC(I).
Consider now the ideal L = I +AnnQ(I) and the mapping f : L→ Q given
by f(y + z) = y for y ∈ I, z ∈ AnnQ(I). Since L is essential this defines
an element ǫ of C with ǫx = f(x) for all x ∈ L, and clearly ǫ2 = ǫ. Now
we have (1 − ǫ)AnnQ(I) = AnnQ(I), hence AnnQ(I) ⊆ (1 − ǫ)Q, and since
ǫI = I, it is clear that (1 − ǫ)Q ⊆ AnnQ(I), hence (1 − ǫ)Q = AnnQ(I).
Moreover (1− ǫX)I = 0 implies (1− ǫX)ǫL = 0, hence (1− ǫX)ǫ = 0 by the
essentiality of L. On the other hand, 1 − ǫ ∈ AnnC(I) = (1 − ǫX)C, hence
(1− ǫ) = (1− ǫ)(1 − ǫX) = 1− ǫX , and we get ǫ = ǫX .
6.4 Lemma. Let Q be as before and I be an ideal of Q. Then a ∈ AnnQ(I)
if and only if ǫaI = 0.
Proof. Denote by H the ideal of Q generated by a. If a ∈ AnnQ(I), then I ⊆
AnnQ(H) = (1− ǫa)Q by 6.3, hence ǫaI = 0. On the other hand, if ǫaI = 0,
then UǫaaI = 0, hence ǫaa ∈ AnnQ(I). Since (1 − ǫa)a = 0 ∈ AnnQ(I), we
get a ∈ AnnQ(I).
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7 Peirce stalks
We assume here that J is a nondegenerate PI-algebra with J = Qmax(J).
Denote by C the centroid Γ(J) = C(J), and set B = B(C), the boolean
algebra of idempotents of C. Let m be a maximal ideal of the boolean
algebra B, recall that the Peirce stalk of J at m is the algebra Jm = J/mJ ,
where mJ is the set of elements
∑n
i=1 ǫixi for ǫi ∈ B and xi ∈ J , which is
easily seen to be an ideal of J .
We denote by φm : J → Jm the projection φm(x) = x + mJ . As in
[BMM, 3.2.4], we have Kerφm = {x ∈ J | ǫx ∈ m}, and for any orthogonally
complete subset X ⊆ J containing 0, we have φm(X) = 0 if and only if
ǫX ∈ m.
7.1 Lemma. Let J be a nondegenerate Jordan algebra, let a, b ∈ J , and de-
note the ideals generated by a and b by A and B respectively. If UaUJUbJ =
0, then A ∩B = 0.
Proof. Let P be a strongly prime ideal of J (i.e. J/P is strongly prime).
Denoting with bars the projections modulo P , we have Ua¯UJ¯Ub¯J¯ = 0, hence
either a¯ = 0 or b¯ = 0 by the elemental characterization of strong primeness
[ACLMc]. Thus, either a ∈ P , hence A ⊆ P , or b ∈ P , hence B ⊆ P .
Therefore A∩B ⊆ P for any strongly prime ideal P . Since the intersection
of those is the McCrimmon radical, which vanishes in the nondegenerate
algebra J , we get A ∩B = 0.
7.2 Lemma. Let J be as before, and let a, b ∈ J . If UaUJUbJ = 0, then
ǫaǫb = 0.
Proof. Let B be the ideal of J generated by b. By 7.1, a ∈ AnnJ(B),
hence ǫaB = 0 by 6.4, hence ǫa ∈ AnnC(b) = (1 − ǫb)C by 6.3. Then
ǫaǫb ∈ (1− ǫb)Cǫb = (ǫb − ǫ
2
b)C = 0, and therefore ǫaǫb = 0.
7.3 Lemma. Let J , C, B = B(C) and m be as before, then Jm is a strongly
prime Jordan algebra.
Proof. Suppose that Uφm(a)UJmUφm(b)Jm = 0, then X = UaUJUbJ ⊆ m. It
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is easy to see that X is orthogonally closed, hence ǫX ∈ m. Set δ = 1− ǫX .
Then UδaUJUbJ = δUaUJUbJ = 0, hence by 7.2, 0 = ǫδaǫb = δǫaǫb. Thus
δǫaǫb ∈ m, and since δ 6∈ m, we get ǫa ∈ m or ǫb ∈ m, hence φm(a) = 0 or
φm(b) = 0. Thus Jm is strongly prime by the elemental characterization of
strong primeness [ACNL].
7.4 Lemma. Let J , C, B = B(C) and m be as before. Then φm(Cw(J)) =
Cw(Jm).
Proof. This is essentially the same proof as the one of [BMM, 3.2.13] using
the formulaΦ = (∀x)(∀y)(‖UxUzy = UyUzx‖)∧(‖x◦(z◦y) = ((x◦z)◦y‖).
7.5 Lemma. Let J , C, B = B(C) and m be as before, then Jm is a simple
Jordan algebra of finite capacity.
Proof. Since Jm is strongly prime by 7.3, and it is PI, it suffices to show
that Γ(Jm) is a field. To prove it, note that Cw(Jm) 6= 0, and using 7.4,
take z ∈ Cw(J) with 0 6= z¯ = φm(z) ∈ Cw(Jm). Since Uz ∈ C and C
is von Neumann regular, there exists γ ∈ C with U2z γ = UzγUz = Uz.
Then γ induces an element γ¯ ∈ Γ(Jm) given by γ¯(φm(x)) = φm(γx) (since
γmJ ⊆ mJ), and we have U2z¯ γ¯ = Uz¯. Since Jm does not have Γ(Jm) torsion,
we get Uz¯ γ¯ = 1, and Uz¯ is invertible. then for any 0 6= δ ∈ Γ(Jm), we have
δ(δU−1δz¯ Uz¯) = 1, hence δ is invertible and Γ(Jm) is a field.
7.6 Theorem. Any nondegenerate PI Jordan algebra is strongly nonsingu-
lar.
Proof. Let K be an essential ideal of the nondegenerate PI Jordan algebra
J , and suppose that UaK = 0 for some a ∈ J . Take Q = Qmax(J) and
denote C = Γ(Q). Then the C-linear span CJ of J in Q is an algebra of
quotients of J by the transitivity of algebras of quotients, and therefore any
nonzero inner ideal of CJ hits J . This implies that the inner ideal CK of
CJ generated by K over C is essential, and it is clear that UaCK = 0. Now
consider the orthogonal complection O(CK), which by 6.2 is easily seen to
be an inner ideal of Q, and has UaO(CK) = 0. Now, since Q is an algebra of
quotients of J , any nonzero inner ideal of Q hits J in a nonzero inner ideal,
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hence it hits K, and therefore it also hits O(CK) ⊇ K. Therefore O(CK) is
essential. Now consider the sentence
Φ = (∀x)(∃y)(‖x = 0‖ ∨ ‖Uxy 6= 0‖) ∧ (‖Uxy ∈ O(CK)‖).
It is easy to see that Φ and ¬Φ are Horn formulas, and Φ is hereditary
since Q |= Φ. Thus for any maximal ideal m of the boolean algebra B =
B(Γ(Q)), we obtain Qm |= Φ by [BMM, 3.2.11], hence φm(O(CK)) is an
essential inner ideal of Qm. Therefore φm(O(CK)) = Qm by 7.5. Now
Uφm(a)φm(O(CK)) = 0 implies φm(a) = 0. Since this holds for all m, we get
a = 0.
7.7 Lemma. Let J be a nondegenerate Jordan PI-algebra. Then Qmax(J)
is von Neumann regular.
Proof. Denote Q = Qmax(J) and take a ∈ Q. For every maximal ideal m
of B(γ(D)), the Peirce stalk Qm is simple of finite capacity by 7.5, hence
there exists ym ∈ J such that φm(Uaym) = Uφm(a)φm(ym) = φm(a), Then
bm = Uaym − a ∈ mJ , hence ǫbm ∈ m. Set δm = 1 − ǫbm , so that δm 6∈ m,
and δm(Uaym − a) = 0. By [BMM, 3.1.2], there exists a finite collection of
idempotents ǫ1, . . . , ǫn with ǫi ≤ δmi for some maximal ideal mi of B(Γ(Q)),
with 1 = ǫ1 + · · · + ǫn. Then y = ǫ1ym1 + · · ·+ ǫnymn satisfies Uay = a, and
a is von Neumann regular.
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